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Abstract 
Design of large space structures is restricted due to the limited storage capacity of 

launch vehicles. Deployable structures made with ultra-thin woven fibre composites 

eliminates this bottleneck due to self-deploying nature. These structures can self-

deploy using the strain energy stored during elastic folding. Popularity of self-

deployable structures got increased due to their high strength, lightweight, and good 

packaging properties. However, thin woven fibre composites undergo large 

deformation during folding process due to the formation of high curvature, which 

causes reduction in bending stiffness. Hence, it is crucial to understand the mechanical 

behaviour of these structures before implementing, in order to avoid unnecessary 

failures. Numerical modelling techniques have become popular in this research area 

due to the advancement of computational methods to obtain the mechanical properties 

of thin woven fibre composites. Homogenised Kirchhoff plate-based representative 

unit cell modelling technique with solid elements is considered in this research. 

Corresponding ABD stiffness matrices are obtained with using virtual work principle, 

where the repetitive nature of woven fibre composites is represented by periodic 

boundary conditions. 

First, a series of micro-mechanical analyses is carried out to observe the influence of 

the relative positioning of tows on the mechanical properties of thin woven fibre 

composites. Various phase shifts between the plies have been considered in this 

research which might be originated from the inter-ply misalignment during the 

manufacturing stage. The outcomes of this parametric study clearly depict the variation 

in in-plane and out-of-plane properties extracted from the ABD stiffness matrices and 

describe the potential causes for the detected deviations between experimental and 

numerical results.  

Next, a resin embedded unit cell model is developed to predict the non-linear bending 

behaviour with degree of deformation. Initially, a geometrically linear analysis is 

carried out and then the analysis is extended to non-linear region to observe the 

moment-curvature response. Linear analysis results of extensional stiffness and 

Poisson’s ratio showed good agreement with the experimental results extracted from 
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the literature. However, the out-of-plane properties and shear stiffness values were 

overpredicted. Similarly, non-linear analysis overpredicted the bending stiffness 

throughout the considered curvature range. Hence, the resin embedded unit cell model 

needs further improvements and modifications to accurately predict the out-of-plane 

properties, and capture the reduction in bending stiffness.  

Keywords: woven fibre composites, phase shift, representative unit cell, ABD matrix, 

non-linear bending behaviour 
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1. INTRODUCTION 

1.1. Overview 

Storage space of launch vehicles restricts the construction of large space structures 

where they have far bigger dimensions than the launchers. The idea of deployable 

structures, on the other hand, enables a large structure to fold into a compact shape for 

storage and transit and then expand back to the functional configuration. Various type 

of structures like inflatables, mechanically jointed and motorised structures, and stored 

energy deployable structures were developed using deployable mechanism. 

Deployable structures manufactured using ultra-thin woven composite materials can 

store strain energy during folding, and self-deploy using that stored energy. They 

become more popular due to high strength to weight ratio, ease of manufacture, and 

favourable packaging properties. Packaging stage of these structures includes folding 

into high curvatures, which results in change of mechanical behaviour afterwards 

compared to the initial stage. Hence, understanding the mechanical behaviour of these 

structures, is crucial for design optimisation.  

1.2. Woven Fibre Composites 

A structural unit consists of two or more constituent materials is known as a composite. 

The macroscopic examination is adequate to identify the components of a composite 

material. At the same time, materials combined on a microscale or nanoscale like metal 

alloys are usually identified as macroscopically homogeneous materials rather than 

composite materials.  

Invention of plastic and fibreglass to enhance the strength and rigidity were the 

milestone in composite history. Then, the combination of plastic polymer and 

fibreglass produced a phenomenally strong structures with reduced weight. However, 

the fibres alone cannot withstand longitudinal compression and the mechanical 

properties in transverse direction are significantly weaker than in longitudinal 

direction. Hence, a transverse reinforcement is necessary to hold the fibres together. 

Generally, a binder (matrix) is used as a reinforcement between fibres and the 

geometric configuration of fibre became more efficient after the reinforcement with 

matrix. It was the initiation point of fibre reinforced composites (Johnson, Todd, 
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2018), (Gibson, 2016) and they become very popular over the traditional metal alloys 

due to their higher strength to weight ratio. fibre composites are now being broadly 

used in aerospace industry because of their high strength, light weight, increased 

damage tolerances and easily tailorable material properties.   

Various types of fibre reinforced composite lamina are there to fulfil respective 

requirements in several fields. Such as, unidirectional lamina, Bi-directional lamina, 

discontinuous fibre lamina and, woven fibre lamina (Twfik, et al., 2016). The woven 

nature of the woven fibre composite lamina does not allow to separate the layers apart 

by tearing. Figure 1. shows the schematic diagram of woven fibre composite lamina, 

where the basic constituents of it is clearly indicated. Tow is the major component in 

woven fibre composite made of bundle of fibres and resin (matrix) which transfers the 

load. A particular pattern of tow arrangement is known as ply (lamina). 

 

Figure 1.1 Schematic diagram of woven fibre composite (Mallikarachchi, 2019) 

Woven fibre composite laminates are more suitable in weight sensitive aerospace 

applications like solar sails, satellites, star shades and telescopes due to their desirable 

characteristics. Most importantly, it catches the attention among the other materials 

due to the self-deploying nature where it can store energy while folding and it uses that 

stored energy for deployment.  
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Most of the previously mentioned space structures are comparatively much larger than 

the payload capacity (weight and volume) of launch vehicle, Figure 1.. Hence, they 

need to be packed into a compact configuration during transportation and then 

deployed when necessary. This idea of deployable structures eliminated the bottleneck 

associated with payload capacity of launch vehicles.  

 

Figure 1.2 Stowage of satellite (source: NASA) 

Mechanical hinges were commonly used in designing the deployable structures at 

early ages (see Figure 1.3). However, due to the heavy weight and complexity in 

operating these hinges, the idea of self-deployable structures became popular. Where, 

self-deployable structures store energy while folding and use that stored energy for 

self-deployment when the calms are released. Hence, elastically deformable materials 

with high strength to weight ratio is in demand for space applications. Thin woven 

fibre composites is a good candidate in this regard. 

 

Figure 1.3 Satellite Galileo with mechanical hinges (source: Gunter’s Space page) 
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1.3. Recent Developments and Challenges 

Self-deployable structures are used in various space applications focusing on specific 

mission objectives. Figure 1.4 shows few examples of proposed structures where 

woven fibre composites are being used. 

(a)       (b)  

 

 

 

 

(c)       (d) 

Figure 1.4 Self-deployable structures: a) solar sail b) solar array  c) antenna d) solid 

reflectors [source: NASA, Space news.com, (Soykasap, et al., 2008), and (Soykasap, 

et al., 2004)] 

These deployable structures subjected to high curvatures and experience large 

deformations during both folding into compact configuration and deployment 

operation.  Figure 1.5 shows two examples where space two antenna structures are 

folded into a highly compact configuration.  

Hence, the mechanical properties of woven fibre composites under high curvature 

should be understand clearly for design optimization. Presently, design improvements 

are mainly performed through trial-and-error experimental procedures performed on 

Earth. However, conducting physical experiments under reduced gravity are time 

consuming, highly expensive and complicated to proceed. Understanding the accurate 
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behaviour before implementing the project is crucial as demonstrated by the antenna 

structure with three deployable booms (see Figure 1.6) sent to Mars orbit being failed 

to deploy after reaching the destination. Therefore, to understand the mechanical 

behaviour of these deployable structures, the accurate prediction of the mechanical 

properties of the material used is important. 

 

Figure 1.5 High curvature applications (source: European Space Agency and 

(Soykasap, et al., 2004) 

      

Figure 1.6 MARSIS antenna (source: European Space Agency) 

Classical lamination Theory (CLT) is commonly used to calculate the mechanical 

properties of composite laminates. It yields accurate results for unidirectional fibre 

composites but, it is not suitable for ultra-thin woven fibre composite laminates due to 

violation of assumptions of uniform distribution of fibre and constant thickness of the 

laminate (Jones, 1998, and Soykasap, 2006). Further, CLT does not consider tow 

waviness and varying thickness which are the basic characteristics of thin woven fibre 

composite laminates. Although, CLT predicts both in-plane and out of plane properties 

of woven fibre composite with three or more plies with good accuracy, it over predicts 

the bending properties of ultra-thin woven fibre composite laminates (single ply and 

two ply) by 200% - 400% (Soykasap, 2006). 
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Eventually, numerical modelling techniques have become more popular over physical 

experiments due to their advanced computational methods and easiness in adopting 

required material and geometric properties. Hence, these numerical modelling 

techniques have extensively used in this research area for the accurate prediction of 

mechanical properties of woven fibre composites. Several studies have been conducted 

to capture the mechanical properties of woven fibre composites considering various 

idealisations on some of the key characteristics. Such as, considering different 

dimensional elements for modelling like, one dimensional element (Cox, et al., 1994, 

Ichihashi, et al., 1994, Kueh & Pellegrino, 2007, and Hamillage & Mallikarachchi, 2017) 

or solid elements (Karkkainen & Sankar, 2006, Mallikarachchi, 2019, and Nadarajah, et 

al., 2019) imposing various interconnections between tows like, separate interface element 

(Ichihashi, et al., 1994) rigid beam connectors (Soykasap, 2006, and Mallikarachchi, 

2019), multi point constraints (Kueh & Pellegrino, 2007), surface based cohesive 

interaction (Jayasekara, 2020), using several idealized tow cross sections and tow paths 

like, rectangular or sine curve (Mallikarachchi, 2019) or elliptical cross sections with 

trapezoidal or sine curve or cubic Bezier (Nadarajah, et al., 2019) tow paths, imposing 

adhesive material between tows (Mallikarachchi, 2019), various relative positionings of 

tows like, stacking plies with different rotation phases (Mallikarachchi, 2019), stacking 

plies with different translation phases (Soykasap, 2006 and Mallikarachchi, 2019).  

With the exception of the relative positioning of tows with respect to the translation phase 

(Fibre configuration), the best idealization for each of the key characteristics has been 

identified from the aforementioned studies. Fibre configuration is the translation between 

two plies with respect to one another. There are countless variations of relative positioning. 

The two extreme fibre configurations with 0° and 180° phase differences are called ‘fibre 

in-phase’ and ‘fibre out-of-phase’ respectively (see Figure 1.7). The inter-ply slippage of 

two-ply composites during the manufacturing process produces various fibre 

configurations in between these extreme cases, which is clearly be seen from the 

micrograph shown in Figure 1.8. Soykasap (2006) considered the extreme fibre 

configurations and found that the extreme cases yield upper and lower bounds for the 

bending stiffness values from the experimental results. Hence, 90° phase difference is 

considered during my undergraduate research (Nishangani, 2021) and effects of 0°, 90°, 

and 180° phase shifts on the mechanical properties of thin-woven fibre composites were 
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analysed. However, variation on the mechanical properties due to the intermediate cases 

between 0° and 90° angles needs to be studied further to improve the accuracy of the 

predicted results.  

 

Figure 1.7 Schematic cross section (a) fibre in-phase (b) fibre out-of-phase 

(Soykasap, 2006) 

 

Figure 1.8 Micrograph of two-ply plain weave laminate  (Mallikarachchi, 2019) 

Most of the aforementioned studies achieved in obtaining the in-plane properties with 

reasonable accuracy (Kueh & Pellegrino, 2007, Bednarycyk & Arnold, 2003, Kwok 

& Pellegrino, 2016, Herath & Mallikarachchi, 2016, and Woo & W., 2001). Few 

number of research studies have captured the bending behaviour of woven fibre 

composites with a reasonable accuracy (Jayasekara, 2020) which is a governing factor 

in aero-space applications (Ferreira, et al., 2016, Thomson, 1999, and Mallikarachchi 

& Pellegrino, 2011). Research studies by Hamillage & Mallikarachchi, (2017), and 

Jayasekara (2020), well predicted the out-of-plane properties in the linear region (small 

curvatures). Mallikarachchi, (2019) captured both in-plane and out-of-plane properties 

in a single model for linear regime. 

Experimental studies performed on two-ply plain weave carbon fibre reinforced 

polymer laminates by Mallikarachchi & Pellegrino (2013) reported a considerable 

reduction in bending stiffness when subjected to high curvatures while folding (refer 

Section 2.1.1).  Even though the bending response for non-linear region are predicted 
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with reasonable accuracy in some research studies using numerical models 

(Hamillage, et al., 2019, and Jayasekara, 2020), the bending behaviour in non-linear 

region until failure needs to be understood further for design optimisation.  

1.4. Research Objective and Scope 

As described above, present work on thin woven fibre composites are limited to 

prediction of material constituent properties under small curvatures and assumes a 

linear behaviour up to failure in macro models. Further these studies were confined to 

extreme fibre orientations and did not consider the variation of relative positioning of 

the tows with respect to each other appropriately. 

While the broad aim of this research is focused on developing numerical models for 

predicting the bending behaviour of thin woven fibre composites under high 

curvatures, following specific objectives were addressed. 

1. Study the effect of varying fibre orientation (relative positioning of fibres with 

respect to each other) on mechanical properties  

2. Predicting nonlinear bending properties under high curvatures considering the 

effects of variation in fibre-matrix interactions 

First the study is focused on capturing the effects of relative positioning of tows on 

mechanical properties of thin-woven fibre composites. Rather than restricting the 

analysis to a specific fibre arrangement (one phase angle extracted from the 

micrograph, Figure 1.8), variation of fibre arrangement is studied by examining six 

different phase angles. 

Development of a numerical model that represents an ultra-thin woven fibre composite 

laminate to predict the non-linear bending behaviour with degree of deformation was 

performed on a newly developed resin embedded model. First, the soundness of this 

model was checked by analysing it in linear regime and then the analysis was extended 

to nonlinear region. 

The majority of space applications prefers single to two-ply laminates due to weight 

restrictions. This study, therefore places more emphasis on two ply woven laminates. 

Hence, a two-ply plain weave carbon fibre reinforced polymer laminate made with 
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T300-1k carbon fibres and HexPly913 resin was considered in this research study. 

Required geometric parameters of woven fibre composite laminate are obtained from 

the micrograph,  Figure 1.8.  

Two different types of Representative Unit Cell models were developed using 3D 

elements for each objective. The geometry of the model was initially created using 

finite element pre-processor, TexGen and then imported to Abaqus finite element 

software as dry fibre models with various tow relative positionings in order to carry 

out the first part of this research.  

Then, the same fibre in-phase model was exported as a resin embedded model in a 

“.stp” file into 3D modelling software, Fusion 360 and the resin at the mid of the RUC 

has been removed to replicate the nature of woven fibre composite laminate.  Finally, 

the RUC model was exported as a ".step” file to Abaqus to fully develop the model as 

described in Section 3.3 to achieve the second objective of this research study. One of 

the key considerations is having the resin around the tows with voids in appropriate 

locations and another main consideration is the surface based cohesive interaction 

between resin and tow surfaces to capture the slipping behaviour between them 

(Jayasekara, 2020). 

Most of the developments carried out in Abaqus finite element software are same for 

both types of the models considered. The appropriate methods of applying interactions 

are explained clearly under Section 3.3.3. Necessary reference points and dummy 

nodes are created in order to apply the required boundary conditions using python code 

which is elaborated under Section 3.3.1. 

Finally, the improved dry fibre RUC models were analysed in the linear region and the 

effects of phase differences on mechanical properties were examined. The improved 

resin embedded RUC model was analysed in the linear region ignoring the geometric 

non-linearity to check the correctness of the model. Then the analysis was expanded 

as non-linear analysis to capture the non-linear bending behaviour. 

1.5.Chapter Organisation 

This research thesis consists of 5 chapters. Following  the present introductory chapter, 

Chapter 2 begins with a literature review, explaining self-deployable booms, 
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multiscale modelling technique, analytical and numerical  methods carried out in 

previous research studies to obtain the mechanical properties of woven fibre 

composites. 

Chapter 3 describes the method followed to develop the numerical model. Beginning 

with creating the realistic geometric model of a Representative Unit Cell (RUC) of the 

woven fibre composite using TexGen finite element pre-processor and Fusion 360 3D 

modelling software incorporating the geometric and material properties and 

developing the numerical model of the RUC using commercially available finite 

element software package Abaqus/Standard imposing the appropriate boundary 

conditions and interactions between the surfaces. Then, explanation on the theory 

behind the ABD stiffness matrix formulation concludes Chapter 3. 

Chapter 4 presents the influence of relative positioning of tows on mechanical 

properties of ultra-thin woven fibre composites in comparison with the experimental 

results obtained from the literature. 

Chapter 5 presents the non-linear moment-curvature relationship of thin woven fibre 

composites obtained from the non-linear analysis and comparison of the results with 

the experimental results available in the literature.  

Chapter 5 concludes the research thesis with necessary recommendations for future 

works.
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2. LITERATURE REVIEW 
This chapter reviews the latest literature on self-deployable thin walled tubular booms, 

and the necessity of understanding the mechanical behaviour of ultra-thin woven fibre 

composite laminates on designing self-deployable booms. Usefulness of multiscale 

modelling technique in predicting mechanical properties of woven fibre composites is 

explained and recent developments on analytical and numerical methods are presented.  

2.1. Self-deployable Booms 

The most frequently utilised deployable mechanism for aerospace structures is self-

deployable booms because of the light weight and durability. Due to its capacity to 

store energy while folding and use that strain energy for self-deployment eliminates 

the requirement for motorised mechanical hinges. Therefore, the concept of self-

deployable structures has allowed the aerospace industry to create cutting-edge 

designs by overcoming the limited payload capacity available on launch vehicles. 

Generally, these self-deployable booms are used in various space structures such as, 

astro-mesh reflectors, solar arrays, and solar sails (see Figure 2.1). 

 

 

 

 

  

(a) Mesh reflector antennas   (b) Solar array ‘Lucy’ 
 (Chahat, et al., 2017)    (source: (Foust, n.d.)) 

 

 

 

(b) Solar sail (source: DLR) 

Figure 2.1 Space structures with self-deployable booms 
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There are several varieties of booms, including articulated trusses, telescopic tube 

masts (see Figure 2.2 (a)), coilable masts (see Figure 2.2 (b)), and thin-walled tubular 

booms. These structures are made of varieties of materials in accordance mission 

requirements. Although metal alloys were used to produce simple self-deployable 

structures like carpenter tapes in the past, most of them are now manufactured using 

woven fibre reinforced polymer composites because of their higher strength, stiffness, 

and adaptability.  

 

(a)       (b) 

Figure 2.2  Deployable masts: (a) telescopic tube mast (b) coilable mast (source: 

(Grumman, n.d.) and (NASA)) 

Tubular booms with thin walls experience extreme curvatures while folding, which 

can cause high stress and may lead to even failure of the structure. Introduction of 

longer slotted holes in tubular booms allows certain parts of the structure to operate as 

tape springs and hence enabling to absorb large deflections as shown in Figure 2.3 (a) 

(Mallikarachchi & Pellegrino, 2008). 

Figure 2.3 Thin-walled tubular boom with slotted holes (a) carbon fibre boom with 

epoxy matrix (Mallikarachchi & Pellegrino, 2008) (b) glass fibre boom with dual 

matrix (Swetha Lakshmi, et al., 2022) 

Use of dual matrix composite boom which replaced the slotted holes by designing the 

hinge region with softer matrix (e.g. Silicone) and epoxy matrix in the other parts of 
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the boom enhanced the level of compaction that can be reached (Ubamanyu & 

Mallikarachchi, 2016), Figure 2.4.  

 

Figure 2.4 Dual matrix composite boom (Sakovsky, et al., 2016) 

Numerous simulations have been performed to model the folding behaviour of these 

boom type structures, and they were successful in capturing the mechanical  response 

(Mallikarachchi & Pellegrino, 2008, Ubamanyu & Mallikarachchi, 2016, and 

Wijesuriya, et al., 2018). Although, the moment rotation response was not accurately 

predicted in comparison with the experimental findings because of the usage of 

constant bending stiffness throughout in simulations (Wijesuriya, et al., 2018). 

Therefore, exact moment rotation response prediction is essential for the optimization 

of these booms for aerospace applications.  

2.1.1. Experimental Observations 

Mallikarachchi (2019) performed a series of experiments on two-ply T300-1k/Hexcel 

913 plain weave laminate to obtain the properties. Tensile test, compression test, shear 

test, bending test, twisting test, and biaxial test were carried out. As mentioned under 

section 2.1, bending response of ultra-thin woven fibre composite is crucial in 

aerospace applications. Hence our main focus is on obtaining the moment curvature 

response. At the same time, tensile response is also taken into account in order to 

compare and check the applicability of the proposed finite element unit cell models 

under linear analysis. Tensile response for two-ply T300-1k/Hexcel 913 plain weave 

laminate is shown in Figure 2.5. The axial stiffness values which are obtained from 

the tensile test was used under section 4.2.1 for the validation purposes.  
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Figure 2.5 Tensile response of two-ply T300-1k/Hexcel 913 plain weave laminate 

(Mallikarachchi, 2019) 

The moment curvature response for a two-ply plain weave CFRP laminate up to a 

curvature of 0.01 mm-1 was obtained through a four-point bending test was performed 

by (Mallikarachchi, 2019), Figure 2.6 (a). It should be noted that four-point bending 

test is preferred over three-point bending because the region between two loading point 

in four-point bending is subjected to a consistent bending moment and hence results 

are more reliable. The initial bending stiffness was characterized by considering mean 

and standard deviation of 10 test results considering both loading and unloading. The 

results indicated that the mean bending stiffness is 37.55 Nmm with a standard 

deviation of  5.54 Nmm. However, this test is not suitable for thin laminates under 

high curvature, because of large elastic deformation range. Hence, platen folding test, 

Figure 2.6(b) was performed by (Mallikarachchi & Pellegrino, 2013) and the curvature 

(κx) at failure was obtained by measuring the distance between the two platens (δ) as 

described by Equation (2. 1) The corresponding bending moment, Mx can be calculated 

using Equation (2. 2) proposed by Sanford, et al. (2010) where P denotes force just 

before the failure and w denotes the sample width. 

      (2. 1) 

      (2. 2) 
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(a)       (b) 

Figure 2.6 (a) Four-point bending test (b) Platen folding test (Mallikarachchi, 2019)  

Seven samples were considered in this experiment and the failure occurred at a  

curvature of 0.203  0.01 mm-1 and the corresponding failure moment was  

5.068  0.293 Nmm/mm. However, when extrapolated the initial bending stiffness 

obtained from four-point bending test, it shows a much higher value of 7.623 

Nmm/mm at failure curvature of 0.203 mm-1 (see Figure 2.7). Therefore, optimisation 

of space structures cannot rely on the initial linear stiffness predictions. 

 

Figure 2.7 Results obtained from four-point bending test and platen folding test 

(Mallikarachchi, 2019 and Mallikarachchi & Pellegrino, 2013) 
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2.2. Multiscale Modelling Approach 

Multiscale modelling is an approach where several models at various scales are used 

simultaneously to explain a behaviour of a system. The multiscale modelling approach 

has been demonstrated to be a potential tool that minimises required experimental 

testing, hence simplifying design processes and significantly lowering associated 

expenses (Múgica, et al., 2019). Behaviour of a deployable boom can be considered at  

several length scales. Dimensionally, these scales are distinguished by the fibre 

diameter, layer thickness, and laminate thickness respectively and are placed in a 

hierarchical order as depicted in Figure 2.8. Hence, multiscale modelling technique is 

embraced in simulation of composite structures made of fibre composites (Ferreira, et 

al., 2016, Mao, et al., 2013, and Múgica, et al., 2019).  The behaviour of the composite 

boom can be accurately described using an iterative approach that involves 

continuously updating the bending stiffness at macro-scale (deployable boom) by 

running the micro-scale simulation (structure of the woven material) simultaneously. 

The constituent of the boom is constantly being updated with the findings of the 

analysis regarding displacement and rotation of the boom's deformed shape as 

described in Figure 2.9. Hence, developing a model to predict the bending stiffness 

variation accurately is the starting point of this multiscale modelling process.  

 

Figure 2.8 Stages of multiscale modelling technique (Múgica, et al., 2019) 
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Figure 2.9 Multiscale modelling approach (Jayasekara, 2020) 

2.3. Predicting Mechanical Properties 

Obtaining mechanical properties of thin woven fibre composites is the amin focus of 

this research study. Various analytical methods and numerical modelling techniques 

have been used to predict the mechanical properties in the past. The popular analytical 

method used in finding the properties of laminated composites is the Classical 

amination Theory.  

2.3.1. Analytical Methods – Classical Lamination Theory 

The CLT is a frequently utilized prediction technique that can calculate the strain, 

displacement, and curvature develop in a laminate. CLT is based on the Kirchhoff-

Love hypothesis for shells, which holds that a two-dimensional representation of a 

three-dimensional plate may be made using the mid-surface plane of the plate. The 

constitutive relationship between kinematic variables (in-plane strains and curvatures) 

and static variables (in-plane forces and moments) is first expressed through the 

analysis of each individual lamina. Equation (2. 3) depicts the relationship between 

stress and strain. Here,  denotes the reduced stiffness. 

     (2. 3) 
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By integrating stresses throughout each lamina thickness, the final force and moments 

on a laminate are determined (Jones, 1998).  

     (2. 4) 

     (2. 5) 

 
where, Nx is the force applied per unit width of the laminate's cross section, and Mx is 

the moment applied per unit width, as shown in Figure 2.10. The principal directions 

of the laminate are indicated here by the letters x and y. 

The fundamental equation (2. 6) of CLT is thus found by applying Equations (2. 3), 

(2. 4), and (2. 5). which yields a 6  6 ABD stiffness matrix. 

     (2. 6) 

where, [A]3x3 sub matrix stands for extensional stiffness matrix, [B]3x3 sub matrix 

stands for extension-bending coupling matrix, [D]3x3 sub matrix denotes bending 

stiffness matrix, ε stands for mid-plane strain, and κ denotes mid-plane curvature. A 

pictorial description of ABD stiffness matrix is shown in Figure 2.11. 

 

Figure 2.10 In-plane forces and moments on a laminate (Jones, 1998) 

However, due to the symmetric, balanced and orthotropic nature of plain-woven 

laminates, ABD matrix can be simplified with fewer unknown entries as given in 

Equation (2. 7). 

  (2. 7) 
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Figure 2.11 ABD stiffness matrix and mechanical deformation for in-plane and 

flexural loading (Jones, 1998) 

The key presumption of the CLT is that, even when the laminate is stretched or bent, 

the plane sections remain plane and remain perpendicular to the middle surface. This 

indicates that there should be no shear forces perpendicular to the middle surface 

(through thickness). It also assumes that the bonds are infinitesimally thin, non-shear 

deformable, the distribution of fibres and matrix is uniform, and thickness of each 

lamina is constant. However, most of the aforementioned assumptions are not suitable 

for thin woven fibre composite laminates. That is because of the tow waviness, varying 

thickness due to the woven nature (see Figure 1.8), and uneven distribution of fibres 

cannot be ignored when the number of laminae used in the laminate. As highlighted 

by Equations (2. 4) and (2. 5), laminate thickness plays a vital role in calculating the 

ABD stiffness matrix. However, CLT provides accurate predictions for laminates with 

three or more laminas (Soykasap, 2006) because, higher the thickness the lower the 

variation in thickness as a percentage. Soykasap (2006) stated that, the in-plane 

properties of thin laminates can be predicted with reasonable accuracy using CLT but, 
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the out-of-plane properties  shows a large deviation up to 200 – 400 % compared to 

the experimental investigations performed by (Yee & Pellegrino, 2005). This emphasis 

the necessity of accurate prediction of out-of-plane properties via numerical modelling 

techniques. 

2.3.2. Numerical Modelling of Woven Fibre Composites

Numerical modelling techniques are widely used over physical experiments due to 

ability of advanced computational tools to adopt the necessary geometrical and 

material properties and perform virtual simulations at a rapid rate. Meso-mechanical 

modelling has been widely utilized to precisely estimate the mechanical behaviour of 

woven fibre composites, which takes into account for the accurate analysis of 

macroscopic behaviour. Basic steps followed in meso-mechanical modelling 

technique is depicted in  Figure 2.12. 

Figure 2.12 Stages of meso-mechanical modelling techniques

An element in the macro model (boom) has been idealised as a homogenised shell 

element, where Representative Unit Cell (RUC) approach was utilized to model the 

microscopic behaviour by applying periodic boundary conditions to the RUC. Here, 

the RUC is a small identical unit in a laminate that can represent the behaviour of 

actual laminate. RUC was selected considering the repetitive nature of woven fibre 

composites. The tow and ply arrangement determine the selection of RUC (see Figure 

2.13). After selecting the RUC, the appropriate geometric properties obtained from 

micrographs (see Figure 1.8) and material properties of tows are incorporated into the 

RUC model. Finally, by analysing the RUC, the stiffness values are obtained. Several 
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research studies have been carried out to idealise the RUC to replicate the mechanical 

behaviour

(a) Plain weave (b)  Triaxial weave (c) Quart-axial weave

Figure 2.13 RUCs in different types of woven textiles (Soykasap, 2006, and Bilisik, 

2012)

Usage of various dimensional elements to model an RUC, several types of inter 

connection between tows, different idealisations on cross sectional shapes and weave 

paths, introduction of adhesive materials in between tows, and different ply alignments 

have been observed in various research studies. 

Cox et al. (1994) created a binary model of a 3D composite, Figure 2.14. In this case, 

the three-dimensional composite was resolved into two basic components: 

"reinforcing tows" to represent the axial characteristics of individual tows, and 

"effective medium" to reflect all other properties. This analysis made good estimations 

about the spatial distribution of tow failures but not produced a detailed stress results 

in the RUC.

Figure 2.14 Binary model of a 3D composite (Cox, et al., 1994)
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In order to estimate the mechanical properties of single ply woven fabric composites, 

Ichihashi et al. (1994) presented a finite element model utilizing two parallel beam 

elements incorporating separate interphase element was used to replicate the 

interconnection between tows (see Figure 2.15) and predicted that the lower modulus 

and higher strength interphase had a higher resistance to micro fracture. 

 

Figure 2.15 Schematic diagram of a single ply woven lamina (Ichihashi, et al., 1994) 

Woo et al. (2001) studied the influence of phase shifts on the effective properties of a 

plain weave composite laminate and considered a low degree of homogeneity where 

they focused mainly on elastic modulus, shear modulus and Poisson’s ratio. 

Identification of unit cells and application of periodic boundary conditions were done 

through periodicity vectors. Using microelement mesh and sub meshes, random phase 

shifts were generated. Woo et al. (2001) observed that, the coefficient of variations 

(CV) were ranged from 4.5% to 1.5% for elastic modulus and the CV for shear 

modulus was 0.1%. Hence,  it was concluded that there is a significant effect on elastic 

modulus, and Poisson’s ratio and negligible effects on shear modulus due to the phase 

shifts.  

Soykasap (2005) presented micromechanical model using curved beam elements as 

tows (see Figure 2.17) to predict bending behaviour of woven laminates and resin 

interfaces at the tow cross over locations are represented by rigid beam connectors. 

One, two and three-ply woven composites were investigated, and single ply finite 

element results were predicted accurately with only 3% deviation. However, when 
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compared to the experimental data, CLT overestimates the bending stiffness of single 

ply lamina and two-ply woven laminate by 390% and 82% respectively. In addition to 

that, Soykasap (2005) concluded that, relative positioning of tows plays a major role 

in bending behaviour of the two-ply laminates. Two extreme fibre configurations (see 

Figure 1.7) were considered and it was found that they yield the upper and lower bound 

for the bending stiffness value of the experiment results. Hence, it is evident that the 

mechanical behaviour of two-ply laminates is clearly influenced by the relative 

positioning of the tows. So, further investigation on the intermediate phases is 

necessary for a complete analysis.  

 

Figure 2.16 Half plain weave unit cell (Woo & Suh, 2001) 

 

 
Figure 2.17 Micromechanical model of a single ply (Soykasap, 2006) 

Using the RUC created with three-dimensional volumetric elements, Karkkainen and 

Sankar (2006) established a direct micromechanics approach for investigation of 

failure initiation of plain weave textile composites to obtain the stress gradient effects 

(see Figure 2.18). Kirchhoff-love plate theory was used for shells for homogenization 

where it addresses the bending effects for the first time. The continuum nature of 
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woven fibre composite was represented by periodic boundary conditions, and the 

constitutive relationship was produced as an ABD stiffness matrix.  

 
Figure 2.18 RUC of plain weave composite laminate (Karkkainen & Sankar, 2006) 

Kueh, and Pellegrino (2007) developed an RUC for triaxial weave laminate using one 

dimensional Beam elements to obtain the mechanical properties (see Figure 2.19) and 

applied Multi Point Constraints (MPC) at the tow cross over points to connect them but 

the relative movement between tows were restricted due to this. The deviation between 

the predicted and measured values of axial, bending, and shear stiffnesses are 2.9%, 6.4%, 

and 15% respectively. Hence, it is stated that the stiffness values of single ply triaxial 

weave fibre composites were predicted with reasonably good accuracy.  

Even though, the RUC with beam elements predicted the bending stiffness correctly but it 

poorly predicts the axial stiffness and Poisson’s effects in the case of plane weave 

laminates. Hence, Mallikarachchi (2019) developed a RUC of two-ply plain weave 

composite laminate with solid elements to predict the stiffness values. Various cross-

sectional shapes and tow paths were considered to check the accuracy of the models (see 

Figure 2.20). In addition to that a set of reference points were generated at the RUC 

boundaries and connected to the boundary nodes using rigid beam connectors. The two-

ply woven fibre laminate used for the experiment had a fibre volume fraction of 0.62 and 

hence the volume fraction of the dry fibre model had to be increased to accommodate the 

additional resin introduced to maintain the connectivity between plies (see  

Figure 2.20(d)). Application of tie constraints across the whole width of tow provided 

finer attachment between tow contact regions. The predicted linear analysis results for the 

unit cell models of the extreme fibre configurations showed deviations with the 

experimental results less than 7% and 10% for axial and bending stiffnesses respectively.  
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Figure 2.19 Triaxial weave RUC with 1D beam elements (Kueh & Pellegrino, 2007) 

 

(d) 

Figure 2.20 (a) Rectangular (b) Sine curve (c) 4th root of sine curve (d) RUC with 

additional resin (Mallikarachchi, 2019) 

A 1-dimensional beam element model (see Figure 2.21) was developed by Yapa and 

Mallikarachchi (2017) to predict the non-linear bending behaviour of two-ply plain 

weave laminates. The model predicted a higher initial bending stiffness with a 21% 

difference with respect to the mean bending stiffness value obtained from the 

experiment. However, it captured the reduction in bending stiffness, which is about 

23% but it could not be able to capture the non-linearity in bending response until 

failure point observed from the experiment.  

Nadarajah, et al. (2019) proposed a RUC with 3-dimesional solid elements with a 

suitable tow path named cubic Bezier spline curve (see Figure 2.21). It predicted the 

(a) 

(b) 

(c) 



26 
 

both axial and bending properties with a deviation around 20% in linear region 

compared to the experimental results but did not capture the correct non-linear bending 

response. 

 

Figure 2.21 1 D beam element RUC model (Hamillage & Mallikarachchi, 2017) 

 

Figure 2.22 RUC with cubic Bezier spline curve as tow path (Nadarajah, et al., 2019) 

Jayasekara (2020) proposed RUCs with solid elements as dry fibre model and resin 

embedded model (see Figure 2.23) and introduced cohesive interactions to allow small 

sliding between tow to replicate the actuate nature. Dry fibre models were able to 

predict the non-linear bending behaviour up to a curvature of 0.12mm-1. However, it 

underpredicted the in-plane properties of woven fibre composites by 38%. Resin 

embedded models overpredicted predicted the in-plane properties with a small 

deviation of 4%, but the bending stiffness value was over predicted by 46%. 
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(a)       (b) 

Figure 2.23 RUC used by (Jayasekara, 2020) (a) Dry fibre model (b) Resin 

embedded model  

In comparison with dry fibre model, the resin embedded model replicates the actual 

nature of woven fibre composites because the experiment specimen considered in the 

study (Mallikarachchi, 2011) was manufactured in a controlled conditions with a 

prespecified resin volume to impregnate the plain weave fabric. This resin 

impregnation fills the gap between the top and bottom plies and creates a resin layer 

on top and bottom of the laminate. Predictions can be further improved by considering 

some unaccounted characteristics in resin embedded model such as interactions 

between tow and resin, voids in the resin region. Further, a proper investigation on 

non-linear bending behaviour of the resin embedded model is crucial for future 

designs.   
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3. NUMERICAL MODELLING OF A REPRESENTATIVE UNIT 

CELL (RUC)
This chapter explains the methodology followed in developing the numerical model in 

performing multiscale modelling that is shown in the Figure 3.1. Starting with the 

development of the geometric model of a woven carbon fibre composite RUC  using 

a finite element pre-processor, TexGen and a 3D modelling software, Fusion 360 

incorporating the geometric properties. Then, development of the numerical model of 

the RUC using commercially available finite element software package 

Abaqus/Standard imposing the material properties, appropriate boundary conditions 

and interactions between the surfaces. Finally, the virtual work theory behind the ABD 

stiffness matrix formulation to extract the mechanical properties of woven fibre 

composite is described.

Figure 3.1 Flow diagram of the methodology followed in the numerical modelling of 

RUC

3.1. Development of the Geometric Model of RUC

The major steps followed in developing the numerical model of RUC is outlined under 

Section 2.3.2. The initial steps include the selection of suitable representative unit cell 

Step 1 • Develop the geometric model of the RUC 

Step 2 • Calculate the material properties of the tow

Step 3 • Estimate the true neutral plane

Step 4 • Enforce the constrains and apply the interactions

Step 5 • Analyse RUC under six unit deformations

Step 6 • Formulate the ABD siffness matrix
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for modelling considering the repetitive nature of woven fibre composite. This 

selection is mainly depending on the weaving pattern of each ply and ply arrangement 

in the laminate. Research on effect of various RUC resolution on mechanical 

properties concluded that, the smaller size RUC predicts the mechanical properties 

with reasonable accuracy compared to others (Nishangani, et al., 2022). Since, this 

research study considers a two-ply plain weave laminate, the RUC was selected as 

shown in Figure 3.2.

Figure 3.2 Selection of RUC in a two-ply plain weave laminate;

(Soykasap, 2006)

3.1.1. Geometric Properties

Geometric properties; such as tow weave length, tow cross sectional shape, tow cross 

sectional area and tow thickness were extracted from the micrograph (see Figure 1.8) 

of two-ply plain weave composite laminate made of 1K/T300 carbon fibre and HexPly 

913 epoxy resin Mallikarachchi (2019). The actual cross section is changing 

throughout the weave path. However, the cross-sectional shape was idealised as an 

elliptical section with a power of 0.5 as stated as the best fit for this micrograph by 

Jayasekara (2020). Hence, the tow width was found as 1.013 mm. In a study conducted 

by Nadarajah, et al. (2019), a cubic Bezier Spline curve was determined to be a tow 

path that was well-suited, and the side length of RUC was taken to be equal to the 

weave length (2.664 mm). The extracted properties from the micrograph and the 

calculated properties according to the assumed shape and tow path are tabulated in 

Table 3.1.
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Table 3.1 Geometric properties of 1K/T300/913 two-ply plain-woven composite 

laminate (Mallikarachchi, 2019, and Jayasekara, 2020) 

Geometric property with unit Value 

Weave length in mm 2.664 

Length along the tow in mm 2.785 

Maximum tow thickness in mm 0.059 

Tow cross-sectional area in mm2 0.0522 

Tow width in mm 1.013 

 

3.1.2. RUC Geometry Using TexGen 

Using the geometric properties collected from Section 3.1.1, the RUC geometry was 

generated using finite element pre-processor called ‘TexGen’ (TexGen, 2018), which 

a textile modelling software. The extracted tow path, weave length and tow cross 

section details are fed into this software and created the basic geometry of the RUC 

model. Created geometry can be exported as different types of RUC models with 

respect to the aims of the research studies. This research considers two different types 

of RUC models, such as dry fibre model and resin embedded model where, dry fibre 

model will not have any additional resin around the tows but resin embedded model 

will have excess resin around the tows. 

3.1.2.1.Dry Fibre Model of RUC  

Series of dry fibre models are created in order to analyse the influence of relative 

positioning of tows on the mechanical properties of thin woven fibre composites. As 

mentioned in section 1.3, in addition to fibre in-phase (0°), fibre out-of-phase (180°) 

and the 90° shifted RUC model, three additional phase shifted RUC models were 

generated within 0° to 90°. Initially, an RUC model with fibre in-phase (0°) 

configuration (see Figure 3.3 (a)) was created and then by shifting the top ply in both 

x and y directions by three different angles such as 30°, 45°, and 60° other three RUC 

models (see Figure 3.3) were generated. Any tow misalignments other than phase 

differences were not taken into account in this study. In addition, unequal phase 
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differences in the x and y directions, the suggested numerical methods of analysis can 

be used directly. 

     (b) 30° shifted in both directions  

 

     (c) 45° shifted in both direction 

     (d) 60° shifted in both directions 

 

(a) Fibre in-phase configuration RUC model (0°)  

Figure 3.3 RUC models considered in this study 

Then, using pre-developed Python code, each tow is mesh in longitudinal direction 

with 80 divisions, transverse direction with 28 divisions, and 4 divisions through 

thickness. In this research, the number of mesh divisions is raised to achieve better 

results in comparison to earlier studies (Nadarajah, et al., 2019), and (Jayasekara, 

2020). The hourglass effect will be eliminated by the finer mesh, which will enable 

accurate capture of the exact deformation. Finally, these RUC models were exported 

as dry fibre models to ABAQUS finite element modelling software for the completion 

of the model. The imported unit cell models are shown in Figure 3.4. 

      

   (a)       (b)       (c)   

Figure 3.4 Abaqus Finite element unit cell models of (a) 30° (b) 45° (c) 60° degrees 
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3.1.2.2.Resin Embedded Model of RUC 

Fibre in-phase configuration with zero phase difference between the plies was 

considered in this part of the research. The generated RUC model was exported from 

TexGen textile modelling software as a resin embedded model (see Figure 3.5) 

incorporating the ‘subtracted yarn’ option, so that the tow holes are created into the 

surrounded resin and finally, the resin embedded RUC model was exported as a STP 

file to Fusion 360 .  

 

Figure 3.5 Resin embedded model 

Resin void found at the mid part of the RUC was added to the imported resin embedded 

RUC model using push/pull function in Fusion 360 CAD software as shown in  

Figure 3.6. Then, the modified Resin embedded RUC model was exported as STEP 

file, so that it can be imported to commercially available Abaqus finite element 

modelling software to finalise the model development. 

 

Figure 3.6 Geometrically finalised resin embedded RUC model 
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3.2. Material Properties of Tow  

Tows, the major component in transferring the axial load in the considered composite, 

is made of T300-1k carbon fibres and HexPly 913 epoxy resin. The material properties 

of these fibres and resin are presented in Table 3.2. 

Table 3.2 Material properties of 1K/T300 fibre and HexPly 913 epoxy resin 

(Mallikarachchi, 2019) 

Material property T300 fibre HexPly 913 epoxy resin 

Longitudinal Stiffness, E1 (N/mm2) 233000 3390 

Transverse Stiffness, E2 (N/mm2) 23100 3390 

Shear Stiffness, G12 (N/mm2) 8963 1210 

Poisson’s Ratio, ν12 0.2 0.41 

Density, ρ (kg/m3) 1760 1230 

Areal weight of fabric/film, W (g/m2) 98 30 

 

Heterogeneous nature of the tow was idealised as a homogenised section with 

transversely isotropic properties as per the previous research studies. Even though the 

fibres and resin are two different materials, the overall material properties of tows 

should be calculated as a combination of both properties. The five independent 

engineering constants were calculated using the following methods and equations with 

the fibre volume fraction of the tow. The actual fibre volume fraction obtained from 

the micrograph is 0.62 (Mallikarachchi, 2019). Hence, the dry fibre model will have 

the same fibre volume fraction.  However, in the resin embedded model, the additional 

resin added around the tows, will eventually increase the fibre volume fraction of the 

tows since, the overall fibre volume fraction should be maintained to the value of 0.62. 

In addition to that, the inclusion of voids in the resin geometry was also taken into 

account while calculating the new fibre volume fraction. Hence, the new fibre volume 

fraction of the tow is calculated as 0.88.  

‘Rules of mixtures’ (Jones, 1998) was used to calculate the longitudinal extensional 

modulus and Poisson’s ratio. Using Equations (3. 1) and (3. 2), 

    (3. 1) 
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   (3. 2) 

 
Halpin-Tsai semi-empirical relation is used to evaluate the transverse extensional 

modulus as shown in the Equations  

    (3. 3) 

      (3. 4) 

 
Reinforcement of the composite depends on fibre geometry, packing geometry, and 

loading conditions. Here, the parameter χ was used to measure that the same. This 

parameter is taken as 2.0  for the calculation of transverse extensional modulus 

(Daniel, and Ishai, 2006). 

Halpin-Tsai semi-empirical relation was used to estimate the shear modulus as well by 

considering χ as 1.0 (Daniel, and Ishai, 2006) and the empirical equation becomes as 

in Equation (3. 5). 

  (3. 5) 

In-plane shear modulus, G23 was estimated as Quek, Waas, Shahwan, and Agaram, 

2003 mentioned in their study.  

And, the transverse Poisson’s ratio, ν23 was obtained by Equation (3. 6),  

      (3. 6) 

Table 3.3 shows the tow properties obtained using the above equations with fibre 

volume fractions of 0.62 and 0.88. 
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Table 3.3 Tow properties for fibre volume fractions 0.62, and 0.88 

Material property Fibre volume 

fraction 0.62 

Fibre volume 

fraction 0.88 

Longitudinal Stiffness, E1 (N/mm2) 145748.2 205446.8 

Transverse Stiffness, E2 = E3 (N/mm2) 10427.4 17462.1 

Shear Stiffness, G12 = G13 (N/mm2) 3377.8 6138.1 

Shear Stiffness, G23 (N/mm2) 3498.0 6197.4 

Poisson’s Ratio, ν12 = ν13 0.28 0.225 

Poisson’s Ratio, ν23 0.49 0.409 

Finally, the calculated material properties were fed and assigned into the dry fibre RUC 

models and the resin embedded RUC model in Abaqus finite element software 

respectively. 

3.3.Development of the RUC Numerical Model for Multiscale Simulations 

Dry fibre models have already been meshed in TexGen software using a series of 

python commands (refer Appendix A: Python code used in TexGen textile modelling 

software) and the tows were modelled using six-node linear triangular prism elements 

(C3D6) and eight-node linear reduced integration brick elements (C3D8R). This 

decision facilitates non-prismatic shapes and reduces any irrational increase in 

geometric stiffness. 

However, for resin embedded models, meshes got vanished while exporting to Fusion 

360 software. Hence, tows and resin are meshed by using the mesh function in Abaqus. 

Due to the non-linear edges and surfaces of the resin instance, ten-node quadratic 

tetrahedron elements (C3D10) were used to generate that resin part and similar to the 

dry fibre model, the tows were created using eight-node linear reduced integration 

brick elements (C3D8R).   

3.3.1. Formulate Reference Points and Assign Multi Point Constraints 

The RUC boundary acts as the connecting bridge to the neighbouring RUC. Therefore, 

every action such as applying load or enforcing boundary conditions must somehow 

involve the boundary nodes. Therefore, in some early research, Multi Point Constraints 
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(MPC) were used to connect all of boundary nodes each tow to a single reference point 

that was positioned in the mid of each tow (see Figure 3.7 All the boundary nodes of 

a tow are connected to one reference node). However, the issue is that it imposes rigid 

plate behaviour at the boundaries. It prevents any changes in cross section so that the 

entire cross section functions exactly like the respective reference node. 

 

Figure 3.7 All the boundary nodes of a tow are connected to one reference node 

Therefore, a small set of boundary nodes is connected to a distinct reference point 

assigned for each of them at the true neutral plane (refer Section 3.3.4.1) of RUC using 

multipoint constraints in order to avoid the rigid plate behaviour (see Figure 3.8).   

(a) Dry fibre model    (b) Resin embedded model 

Figure 3.8 Small set of boundary nodes connected to a distinct reference node 

3.3.2. Enforcement of Periodic Boundary Conditions (PBC) 

The main focus must be on the RUC to make sure that it accurately represents the 

woven laminate in its macroscale. The continuum nature of woven fibre laminate must 

Reference 
Points 
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therefore be emphasized in RUC. Imposing PBC idealises the behaviour of the RUC 

based on the homogenized Kirchhoff-Love plate theory. The Abaqus/Standard FE 

program uses *EQUATION constraints to enforce these PBCs. The 

*EQUATION constraints of Abaqus/Standard require for two degrees of freedom and 

one prescribed nodal displacement or rotation in order to connect the two degrees of 

freedom linearly to one another. Such that, MPC control points (reference points) 

located at the opposite boundaries of RUC and a set of dummy nodes located at the 

two adjacent edges of RUC were connected using *EQUATION constraints (see 

Figure 3.9). Here, the first two inputs are the respective nodal degrees of freedom. The 

prescribed deformations were applied on the respective dummy node.  

 

Figure 3.9 *EQUATION constraints application on resin embedded model 

Similar to that, by using linear equations, all 6 degrees of freedom of the reference 

points which are located at both xz, and yz true neutral planes (refer Section 3.3.4.1), 

were constrained. The enforced constraint equations are shown in Equation (3.7 A) to 

Equation (3. 7 K). Here, x, y, and z denote the coordinates of the node pair of X, Y, 

and Z axes respectively and the corresponding translations and rotations are denoted 

by u, v, w, and θ respectively. Direction of the deformation is denoted by the subscripts 

and the direction of a pair of boundary nodes is denoted by the superscripts. The PBCs 

take the forms; 

     (3.7 A) 

    (3.7 B) 

    (3.7 C) 

    (3.7 D) 

Dummy node 
Reference nodes 
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     (3.7 E) 

     (3.7 F) 

    (3.7 G) 

     (3.7 H) 

    (3.7 C) 

    (3.7  J) 

     (3. 7 K) 

A Python programme was created to apply the periodic boundary conditions and multi-

point constraints automatically for the RUC due to the repetitive nature of constraint 

enforcement (refer Appendix B: Python code used in ABAQUS FEM software to 

formulate reference nodes, dummy nodes, and constraints for the resin embedded 

model ). 

3.3.3. Apply Surface Based Cohesive Interactions 

As described in Section 2.3.2, various methods have been used in earlier research 

studies to depict the interconnection between tows. However, the majority of the 

research used stiff connections like tie constraints and MPCs, where the link is between 

a node and a node or a node and a surface. The relative movement between tows was 

forbidden. Hence, Jayasekara (2019) considered the slipping behaviour between tows 

and used cohesive interaction between tow surfaces to increase the accuracy of the 

results in dry fibre models. Therefore, a surface based cohesive interactions are 

incorporated in this research study where the connection is only between two surfaces 

to eliminate the large penetration of slave nodes into the master surface.  

The relevant traction stiffness coefficients of HexPly 913 epoxy resin have then been 

obtained from Jayasekara (2019). It was discovered by carrying out separate numerical 

analyses for resin under various fracture modes in accordance with Wijesuriya's 

technique (2019). The traction stiffness values for various failure modes are shown in 

Table 3.4 
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Table 3.4 Traction stiffness coefficients of HexPly 913 epoxy resin 

Failure mode Traction stiffness 
Normal mode, Knn (N/mm2) 253 722 
Shearing mode, Kss (N/mm2) 90 561 
Tearing mode, Ktt (N/mm2) 90 561 

Surface based cohesive interactions were applied between two-two interface and tow-

resin interface on both dry fibre RUC models and resin embedded RUC models 

respectively. First, the stiffness values were inserted into a newly created interaction 

property and then, the appropriate surfaces were selected manually and then 

interactions were created one by one (see Figure 3.10). 

    

 (a) Tow-tow interaction   (b) Resin-tow interaction 

Figure 3.10 Surface based cohesive interaction applied surfaces 

3.3.4. Formulation of Boundary Value Problem 

Predicting the macroscale mechanical behaviour is possible only if we design the 

microscale boundary value problems (BVPs) accurately. Starting from geometric 

modelling, obtain the accurate material properties, and enforcement of constraints have 

explained the crucial features of BVPs on the representative unit cell of woven fibre 

composite laminate. To complete the BVP definition, estimation of true neutral plane 

of the RUC with various phase shifts, application of unit deformations to obtain the 

mechanical properties, and usage of virtual work principle in extracting the macroscale 

mechanical properties are necessary.  
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3.3.4.1. Estimation of True Neutral Plane 

Estimation of true neutral plane is crucial in order to avoid any anomalies in the results. 

Because, a research study on asymmetric weave single ply laminate  

(see Figure 3.11(a)) (Gao, et al., 2019) considered about the shift in neutral plane from 

mid plane and the consecutive effects on ABD stiffness matrix (see Figure 3.11(b)). 

This has not been considered in most of the studies. At the same time, relative 

positioning of tows may also cause asymmetric behaviour, eventually it may lead for 

inaccurate results. MPC control points and dummy nodes should lie on the true neutral 

plane of the RUC since they are the governing factors in the homogenised response of 

the woven composite. If the placement of those nodes is not in the true neutral plane, 

then there will be a residual bending moment during the axial load application. 

 

 

  (a)       (b) 

Figure 3.11 (a) Cross-section of asymmetric weave, (b) Shift in neutral plane from 

the mid plane (Gao, et al., 2019) 

Different true neutral planes were considered for xz and yz planes separately due to 

the unique tow distribution. An iterative method is carried out to find out the true 

neutral plane starting from an initial guess which is the apparent neutral plane of the 

RUC (geometric centre) rather than using the mid plane of the RUC as stated in Gao, 

et al., (2019). Apparent neutral plane estimations always very close to the true neutral 

plane because as per the theories, force resultant of a uniform stress field is transferred 

at the geometric centre of a given RUC boundary.  

As shown in Figure 3.12, and Figure 3.13 the height of apparent neutral plane and true 

neutral plane  on xz plane are denoted by   and  respectively and on yz plane are 

denoted by  and  respectively. As mentioned earlier, the initial guess for true 

neutral plane (apparent neutral plane) is considered as the geometric centre of the 
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specific RUC boundary. Geometric centre can be derived from the equations (3.8 A) 

and (3. 8 B) for x and y directions respectively. 

      (3.8 A) 

      (3. 8 B) 

Here A was calculated using Table 3.1 And i denotes the tow identification number. 

Then, the correction on apparent neutral plane was done by an additive component to 

achieve the true neutral plane. This additive part is calculated by using an iterative 

method by considering force-moment relation force = moment/normal distance at the 

dummy nodes. Therefore, the true neutral plane of xz and yz plane are determined by 

the equations (3.9 A) and   (3. 9 B) respectively. 

     (3.9 A) 

 
     (3. 9 B) 

Here   denote the additive correction factor calculated as the ratio between 

the bending moment and the axial force at a reference point on xz, and yz planes 

respectively. At the same time,  values from each i trial were summed up to avoid 

numerical errors. Trials were carried out until violating the condition, . 

Similarly,  is calculated. 

 
Figure 3.12 True neutral planes in both xz and yz planes for a RUC with 90° phase 

difference (Nishangani, et al., 2022) 
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Figure 3.13 True and apparent neutral planes in xz plane for a RUC with 90° phase 

difference (Nishangani, et al., 2022) 

3.3.4.2. Principle of Virtual Work for ABD Stiffness Matrix 

Each entry of ABD stiffness matrix of woven fibre composite laminate is obtained 

using the virtual work principle. A combination of displacements and rotations were 

applied to the dummy nodes at the true neutral pane. Hence, by equating the external 

work done by the reaction forces/moments at the dummy nodes with the internal work 

done by the boundary nodes, the entries were found. Equation  (3. 10) depicts 

that relationship for unit deformation in x direction, 

  (3. 10) 

 

Here, , and   and  denote the RUC lengths in x and y directions 

respectively.  and  are the forces and moments at the dummy nodes ( ).  

are the displacements of the boundary reference points and  are the rotations seen at 

the boundary reference points. Then, this summation was extended to all the dummy 

nodes. The first entry of the ABD stiffness matrix  can be obtained through the 

Equation (3. 11), by substituting , 

   (3. 11) 

 
This clearly illustrates how the microscale local forces and displacements are mapped 

with the macroscale homogenised sections. Here, if unit deformation in x direction is 

considered, then the other strains and rotations will be set to zero (

). Similar to that, considering each unit deformation at a time, 6 separate 

analyses were carried out in order to obtain the whole ABD matrix.  
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A pre-developed and modified MATLAB code (see Appendix C: MATLAB code used 

to calculate the ABD matrix of Resin embedded model) was used to calculate the ABD 

stiffness matrix using the extracted force resultants and displacements from dummy 

nodes and reference points respectively.  
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4. ANALYSIS OF RESULTS  

Three different dry fibre RUC models with varying phase shifts (30°, 45°, 60°) were 

analysed in the linear regime to capture the variation in mechanical properties due to 

the relative positionings. Then  the ABD matrices 0°, 90°, and 180° phase difference 

models were extracted from Nishangani (2021) for covering the complete range from 

0° to 180°. Then, a resin embedded in-phase RUC model was analysed in the non-

linear regime to obtain the moment curvature relationship. The numerical results 

obtained are validated with experimental results available in literature. 

4.1.  Results of Dry Fibre RUC Models with Varying Phase Differences 
4.1.1. ABD matrices 

ABD stiffness matrices obtained from each analysis are shown in the Equations (4. 1) 

to (4. 3), These were obtained following the approach discussed in detail under Section 

3.3.4. Herein, the notation ABDθ is used, where θ refers to the considered phase 

difference. 

  (4. 1) 

 

  (4. 2) 

 

  (4. 3) 
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Anomalies, such as non-zero B sub-matrix and minor asymmetric entries in the ABD 

matrix, have been observed in all matrices and most of them are be negligible. 

However, some axial - coupling entries, axial – bending coupling entries, and bending-

twisting coupling entries are considerable. These are expected to be an outcome of 

irregularities in selecting the contact surfaces between tows, and idealisation on fibre-

resin interactions. ABD stiffness matrices obtained for 0°, 90°, and 180° phase 

difference RUC models are provided in Appendix D: ABD matrices of fibre in-phase, 

90° phase shift, and fibre out-of-phase RUC models.. 

4.1.2. Comparison with Experimental Results and CLT Results 

Classical lamination theory predictions are included here for the comparison with the 

finite element results, and experimental results. As mentioned in the section 2.3.1, CLT 

is efficient for unidirectional laminates. Hence, an approximate estimation of the 

elastic modulus was done according to the equation (4. 5) and using Table 3.2. Here, 

the coefficient of 0.5 is used in this equation due to the ½  of the fibres are in transverse 

direction (Soykasap, 2006). 

    (4. 4)

Then, using the equations (4. 5) and, (4. 6) bending stiffness and axial stiffness values 

were calculated and tabulated in . Where, t – laminate thickness which is 0.236 mm. 

     (4. 5) 

     (4. 6) 

Table 4.1 Classical lamination theory predictions  

E1
' 73518 N/mm2 

D11_CLT 87.4 Nmm 
A11_CLT 18826 N/mm 
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The predictions of CLT is plotted with finite element results and experiment results in 

Figure 4.1 and Figure 4.2. As mentioned in section 2.3.1, it overpredicts the mean 

experimental results of bending and axial stiffnesses by 132%, 46% respectively. 

Comparisons between experiment findings and FEM results of the extensional 

stiffness and shear stiffness will be accurate if the inverse of the A sub matrix of the 

corresponding ABD stiffness matrix is considered. Because the tension tests used 

narrow specimens in order to ensure that the transverse and shear stress resultants are 

negligible, such that  at the mid part of the specimen (Mallikarachchi, 

2011). Hence, a  compliance matrix can be defined as in the equation (4. 7).  

    (4. 7) 

Substituting  on the equation (4. 7) results in equation (4. 8), 

        (4. 8) 

After finding the inverse of the appropriate entries in compliance matrix and respective 

experiment results can be compared since the experiments measure the deformations 

caused by unit loads. Hence, the axial stiffness can be obtained by equation (4. 9) 

Axial stiffness       (4. 9) 

On the other hand, the bending stiffness was measured using four-point bending tests 

conducted on wider specimens. Therefore, the transverse and twisting curvatures were 

negligible, ( ). Hence, measured bending stiffness can be directly 

compared with  of the ABD matrix. Substituting   

 in equation (4. 10) results(4. 11), 

    (4. 10)  

 
       (4. 11) 
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Bending stiffness     (4. 12) 

 
Poisson’s ratio can be found as, 

       (4. 13) 

Finally, the variations of the axial stiffness, shear stiffness, bending stiffness, twisting 

stiffness values, and Poisson’s ratio were obtained accordingly over the phase 

differences and were plotted along with the experimental results obtained from 

Mallikarachchi, (2011). Here, in accordance with the micrograph shown in  

Figure 1.8 Micrograph of two-ply plain weave laminate  , it is clear that the phase 

angle varies along the weave length. Additionally, there is no guarantee that the 

specimens used were having the same phase angle. Hence, the experimental results 

were plotted as mean values with appropriate standard deviations. 

The variation of in-plane properties of thin woven fibre composite obtained from finite 

element modelling are plotted over the tow phase differences shown in Figure 4.1. 

Axial stiffness in both x and y directions (  and  shows a similar variation 

along the phase difference as expected due to the orthotropic nature. They depict an 

increase of 27% while shifting the top ply by 30° from fibre in-phase configuration. 

Then they reach a maximum of about 10568 N/mm at 60° and then reduces until 180° 

at a low rate and attain a value around 9371 N/mm. However, in comparison with 

experiment results, the finite element results are under-predicted.  Shear stiffness does 

not show a considerable fluctuation along with the phase difference i.e: it almost a flat 

line as in the Figure 4.1 Variation of in-plane properties over tow phase difference 

thus, the effect of relative positioning of tow on the shear stiffness in negligible.  

Figure 4.2 depicts the variation of the experiment results obtained under four-point 

bending test for six specimen and the out-of-plane properties of thin woven fibre 

composite obtained through FEM over the phase angle difference. Similar to 

extensional stiffnesses, bending stiffnesses in both x and y  directions  and ) 

shows almost the same behaviour. There is a 4% reduction observed in the bending 

stiffness while moving from 0° to 45° and it reaches the minimum at 45°. No 
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noticeable changes are there between 45° to 90°. A slight increase of 9% has been 

noted between 90° to 180° and it attains its maximum of 38.6 Nmm/mm at 180°.  

Interestingly, the whole finite element results fall within the acceptable tolerance limit 

of the experiment results obtained by Mallikarachchi, (2019). This acceptable 

fluctuation in the bending stiffness values are the result of the true neutral plane 

consideration which reduces the leaver arm between the axial resultant forces. 

Considerable variation on twisting stiffness has been identified between 0° to 90° and 

it reaches the maximum of 3.9 Nmm/mm at 60° and then drops by 56% at 90°. 

Considerable change in the Poisson’s ratio has been observed over the phase difference 

of the tows (see Figure 4.3). A steep drop of 52% is observed in the Poisson’s ratio 

while moving from 0° to 30°. Then it continues to decrease up to 0.08 and touches that 

minimum at 60°. Starting from 30° to 180°, the Poisson’s ratio predictions fall within 

the acceptable tolerance limits of the experiment results (Mallikarachchi, 2019).  

 

Figure 4.1 Variation of in-plane properties over tow phase difference 
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Figure 4.2 Variation of out-of-plane properties over tow phase difference 

 

Figure 4.3 Variation of Poisson’s ratio over tow phase difference 
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4.2. Results of Resin Embedded RUC Model 
 

4.2.1. Linear Analysis Results 

ABD stiffness matrix obtained from the linear analysis of the resin embedded RUC 

model shown in the equation (4. 14) 

  (4. 14) 

Anomalies have been observed in most of the sub-matrices and some are negligible. 

However, there is a considerable coupling between axial and bending stiffness which 

cannot be ignored. In addition to that, , and should be equal to , and  

respectively since tows in both x and y directions are having the same properties. (2. 

7)The deviations observed are around 11% and 15% respectively. This might be due 

to the dissimilarities in selecting the contact surfaces for the application of cohesive 

interaction between two tow surfaces and between resin and tow surfaces. Hence, the 

resin embedded RUC model has to be modified further in order to eliminate these 

anomalies.  

The appropriate stiffness values were calculated as explained in section 4.1.2 and 

tabulated in Table 4.2 with the experimental outcomes (Mallikarachchi, 2019). 

Table 4.2 Comparison of the results from the analysis of resin embedded RUC model 

with experimental results 

Description  (N/mm)  (N/mm)  (Nmm/mm)  

Experiment Results     

Resin embedded 
model 

0  1  

Percentage deviation     

This resin embedded RUC model predicted the axial stiffness and Poisson’s ratio with 

good accuracy as the deviation percentage itself falls within the accepted tolerance 

limit from the experiments. However, it overpredicts the shear stiffness by 66% 
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because, the shear response mainly depends on the behaviour of the interactions 

applied. Here, due to the additional resin around the tows, the number of interaction 

surfaces have increased compared to dry fibre models where the dry fibre models 

underpredicted the shear stiffness by  62% (Nishangani, 2021). Hence, to improve the 

shear stiffness predictions, further concerns should be given on applying more suitable 

interaction types and properties.  

Similarly, the bending stiffness value is also overpredicted by 38.7% in comparison 

with the experiment results. The reason could be the possible existence of voids in the 

resin. Even though the void located at the mid part of the RUC is considered in this 

study, there are possibilities for some more voids in the edges and corners of the RUC. 

In addition to that, the additional resin around the tows increases the fibre volume 

fraction of the tow in order to maintain the overall fibre volume fraction measured in 

the experiment (refer section 3.2) which plays a significant role in increasing the 

bending stiffness. Similar observation was made in various research studies done on 

resin embedded RUC models of two-ply plain weave laminate with different fibre 

volume fractions such as 0.68 (Mallikarachchi, 2011), 0.75, (Jayasekara, 2020), 0.74 

(Weerasinghe, 2022). Hence, further improved predictions can be obtained by keeping 

the appropriate volume of the resin around the tows which resembles the actual 

experimental specimen having undulations on the surfaces.  

4.2.2. Non-linear Bending Response 

Considering the deformed non-linear geometry of the RUC, this analysis is carried out. 

Some minor changes in the input file is adequate to incorporate the effects of geometric 

nonlinearity in the analysis. Adding the NLGEOM parameter to the *STEP option 

initiates the non-linear analysis. An alternate method used in graphical user interface 

is, to turn on nlgeom in the ‘step’ module. It is possible to specify the maximum  

number of increments  allowed during a step by adding INC parameter. However, 

limiting the maximum number of increments might terminate the analysis, if it is not 

adequate. Hence to avoid that, 20 steps were defined with an increasing curvature of 

0.01 mm-1 at each step, starting from 0 to 0.2 mm-1. The results obtained are plotted as 

moment-curvature relationship in Figure 4.4.  
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The developed resin embedded RUC model overpredicts the bending stiffness 

throughout the curvature range considered starting from 0 to 0.203 mm-1.  The obtained 

moment curvature response shows an increasing slope until 0.15 mm-1 and then starts 

to decrease till the curvature at failure (0.203 mm-1). Hence, the resin embedded RUC 

model has to be modified further as suggested in the section 4.2.1 for improved and 

acceptable predictions. 

 

Figure 4.4 Moment-curvature response of resin embedded RUC in comparison with 

experiment results 
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5. CONCLUSION AND RECOMMENDATION 
A research study on predicting the mechanical properties of ultra-thin woven fibre 

composite laminates has been presented in this dissertation. The mechanical properties 

have been obtained in detail through numerical models of representative unit cells of 

two-ply plain weave carbon fibre reinforced polymer laminates. The basic steps 

involved are, incorporating the necessary geometric properties, material properties and 

appropriate boundary conditions into the numerical models of the RUCs and then the 

required stiffness values were extracted using a pre-developed and modified python 

code.  

The main objectives of this research study were, (i) to study the effect of varying fibre 

orientation (relative positioning of fibres with respect to each other) on mechanical 

properties, (ii) to predict nonlinear bending properties under high curvatures 

considering the effects of variation in fibre-matrix interactions. The major 

accomplishments and problems are summarised here and future research directions are 

presented. 

5.1. Important Findings and Discussion 

First, a parametric study on the homogenised response of carbon fibre thin woven 

composites is performed to address the fluctuations in the ABD stiffness matrix entries 

for a series of relative positionings of tows. Starting from 0°, 30°, 45°, 60°, 90°, and 

180° phase angles were considered in this research. The outcomes of this study show 

an intriguing variations in the entries of ABD stiffness matrix along with different 

phase angles. A significant variation is observed in the in-plane properties except for 

the shear stiffness and minor changes are seen on out-of-plane properties along with 

the phase angles.  This observation proves that a significant importance should be 

given on the inter-ply misalignment during the manufacture of these composites. 

Hence, it concludes that assuming fibre in-phase configuration (0°) for the unit cell 

that actually with a varying phase shifts along the weave length will provide non-

reliable outcomes. Even though, a significant variation in extensional stiffness with 

respect to phase difference is obtained, those values are still underpredicted compared 

to the experimental results. This issue might be solved by introducing appropriate 
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volume of resin in between the tows which will increase the fibre volume fraction 

within the tows to maintain the overall fibre volume fraction of the unit cell. According 

to this observation, it is clear that, the first objective of this research study is achieved 

since variation on mechanical properties have been captured well along with varying 

phase differences.  

Next, the analysis on the resin embedded RUC model concludes that, the prediction of 

axial stiffness and Poisson’s ratio obtained through numerical linear analysis, validates 

the experiment results with good accuracy where, the deviations observed between the 

experimental results are 2.5% and 0% respectively. However, the shear stiffness values 

are over predicted by a considerable margin.  This is because of the increased number 

of interactions introduced due to the additional resin around the tows. Hence,  this may 

be reduced significantly by decreasing the thickness of the resin part around the tows 

which eventually reduces the contact surface area for the interactions. Similarly, higher 

bending stiffness predictions in both linear and non-linear analysis are observed 

compared to the experimental results. This could be due to existence of additional 

voids in the resin and/ or due to the ignorance of resin damage initiation and 

propagation on composites under high curvatures, and intra-ply damage. With regards 

to this analysis results, the moment curvature response has been derived but, this resin 

embedded unit cell model has not been able to capture the reduction in bending 

stiffness as expected. Hence, the second objective of this research is not fully achieved 

due to the limitations in time and resources and further developments (refer Section 

5.2) on the unit cell model is crucial for improved predictions. 
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5.2. Recommended Future Works 

Future works required on dry fibre unit cell model and resin embedded unit cell model 

to improve the accuracy of the results and to the eliminated the abnormal behaviours 

observed in the obtained results are listed below. 

Dry fibre unit cell model 

 Inclusion of appropriate volume of additional resin in the dry fibre RUC model 

may improve the predictions of in-plane properties 

 

 In accordance with the manufacturing process, the phase shift may occur in 

only one direction. Hence, relative positioning in either x or y direction should 

be studied further 

Resin embedded unit cell model 

 Understanding the manufacturing process of the woven fibre composite 

laminate is crucial to address the minor details that may affect the results by a 

considerable margin. Hence, by considering two different procedures, the 

geometry of the unit cell can be developed in two different ways. Those are, 

 reducing the thickness of the resin around the unit cell from both top and 

bottom faces of the RUC 

 reducing the resin thickness from either top or bottom face of the RUC  

 

 Additional and possible voids in the woven fibre composite need to be 

addressed carefully for improved accuracy of the results  
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7. APPENDICES 

Appendix A: Python code used in TexGen textile modelling software 

% Read the textile 

textile=GetTextile('Textile Name') 

% Read the Yarn (Tow) 

yarn = textile.GetYarn(Tow Number); 

% Setting the number of mesh layers in longitudinal direction 

yarn.SetResolution(Number of mesh layer needed); 

% Set the cross section 

section=CSectionPowerEllipse(width, thickness, power); 

% Setting the number of mesh layers through thickness 

section.SetSectionMeshLayers(number of mesh layer needed); 

% Assign mesh 

yarn.AssignSection(CYarnSectionConstant(section)); 
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Appendix B: Python code used in ABAQUS FEM software to formulate 
reference nodes, dummy nodes, and constraints for the resin embedded model 
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Appendix C: MATLAB code used to calculate the ABD matrix of Resin 

embedded model 

% = ℎ  ℎ    
=2.664; 

=[];%    
=[]; %    

_ =[1 0 0 0 0 0;0 1 0 0 0 0;0 0 −1 0 0 0;0 0 0 −1 0 0;0 0 0 0 1 0;0 0 0 0 0 1]; 
_ =[−1 0 0 0 0 0;0 −1 0 0 0 0;0 0 −1 0 0 0;0 0 0 −1 0 0;0 0 0 0 −1 0;0 0 0 0 0 

−1]; 
 

_ 1 1 = [0.0740 0.1480 0.2220 0.2960 0.3700 0.4440 0.5180 0.5920 0.6660 
 0.7400 0.8140 0.8880 0.9620 1.0360 1.1100 1.1840 1.2580 1.3320 ];  
 

_ 2 2 = [1.4060 1.4800 1.5540 1.6280 1.7020 1.7760 1.8500 1.9240 1.9980  
2.0720 2.1460 2.2200 2.2940 2.3680 2.4420 2.5160 2.5900 ]; 
 

_ 1 1 = [0.0740 0.1480 0.2220 0.2960 0.3700 0.4440 0.5180 0.5920 0.6660  
0.7400 0.8140 0.8880 0.9620 1.0360 1.1100 1.1840 1.2580 1.3320];  
 

_ 2 2 = [1.4060 1.4800 1.5540 1.6280 1.7020 1.7760 1.8500 1.9240 1.9980  
2.0720 2.1460 2.2200 2.2940 2.3680 2.4420 2.5160 2.5900]; 
 
% =[ 1, 2, 3, 4]; 

 =1:6 
    = 2 ( ); 
    =[′ _′, ,′. ′]; 
    %    ℎ    
    [ 1, 1, 1, 1, 1, 1, 1,ℎ1, 1, 1, 1, 1]= ( ,′%  %  %  %  %  
%  %  %  %  %  %  % ′,1057); 
    =[ 1 1 1 1 1 1]; 
    = ; 
    1=[];  
%      6  1, 2, 1, 2 (  ) 
    1=[]; 
 %      6  1, 2, 1, 2 (  ) 
    =[]; %  48   (  ) 
    1=[]; 
    =1; 
    =5; 
    =1; 



67 
 

    ℎ  <354 
 %   ℎ     ℎ     ℎ    +1 
         = ( /18); 
        1=[1/2.664 0 0 0 0 0;0 0.5/1.332 0 0 0 0;0 0 1/(2.664 _ 1 1(1, )) 0 0 0;0 0 0 
0.5/1.332 0 0;0 0 0 0 1/2.664 0;0 0 0 0 0 1]; 
        2=[1/2.664 0 0 0 0 0;0 0.5/1.332 0 0 0 0;0 0 1/(2.664 _ 2 2(1, )) 0 0 0;0 0 0 
0.5/1.332 0 0;0 0 0 0 1/2.664 0;0 0 0 0 0 1]; 
        3=[0.5/1.332 0 0 0 0 0;0 1/2.664 0 0 0 0;0 0 1/(2.664 _ 1 1(1, )) 0 0 0;0 0 0 
1/2.664 0 0;0 0 0 0 0.5/1.332 0;0 0 0 0 0 1]; 
        4=[0.5/1.332 0 0 0 0 0;0 1/2.664 0 0 0 0;0 0 1/(2.664 _ 2 2(1, )) 0 0 0;0 0 0 
1/2.664 0 0;0 0 0 0 0.5/1.332 0;0 0 0 0 0 1]; 
          
        1(:,1)= 2 ( ( ,:)); 
        1= _ 1; 
         ( ,4)==1 
            1= 1 1; 
         ( ,4)==2 
            1= 2 1; 
         ( ,4)==3 
            1= 3 1; 
         ( ,4)==0 
            1= 4 1; 
         
             
        =[ ; 1]; 
         
        1= _ 1; 
           ( ,4)==1 
            1= 1 1; 
         ( ,4)==2 
            1= 2 1; 
         ( ,4)==3 
            1= 3 1; 
         ( ,4)==0 
            1= 4 1; 
         
        =[ ; 1]; 
         
        = +4; 
        = +1; 
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        = +1; 
     
     
    =[  ]; %        
    =[]; %   1, 2, 3, 1, 2, 3 
    =[]; %  48   
    =357; %       
    ℎ  <1058 % ℎ  ℎ    +1 
        (:,1)= 2 ( ( ,:)); 
        =[ ; ]; 
        = +4; 
     
    =[  ]; 
    =1/7.096896; 
    = ( ) ; 
    _ = ; 
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Appendix D: ABD matrices of fibre in-phase, 90° phase shift, and fibre out-of-
phase RUC models. 
 

  

 

  

 

  

 
 


