
CHAPTER 4 

Inverse kinematic Approach on the Simulator 

Inverse kinematics plays a key role in this simulating tool. Inverse kinematics is more 

difficult than the forward because there is no unique solution for it. The inverse equations 

are non-linear simultaneous equations, involving transcendental functions. The number of 

simultaneous equations is also generally more than the number of unknowns, making 

some of the equations mutually dependent. 

4.1 Used methods for inverse kinematic solving techniques 

The key role of this project is the configuration of a joint space for a continuous function 

of one or more real scalars; or a rotational joint, the scalar is the angle of the revolute 

joint or length of the prismatic joint.[l 1]. 

The complete configuration of the manipulator is specified by the scalars q!i q2, q3—qn 

describing the joints configurations. Assuming there are n joints and each q, value is 

called a joint variable. Certain points on the links are identified as end-effector. The end 

effector current position 5 is a function of the joint variable [17]. The target position of 

the end-effector is t. (see figure 5.1) 

The desired change in position of end-effector is Sx. Then, 

(4.1) 

(4.2) 

Let, 

Sx = t-s 

8x=t-s 
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The joint angles are written as a column vector as q= (q,,q2 ,qn)T. The end effector 

positions are function of the joint variable; this fact can be expressed as s=x (0). The 

inverse kinematic problem is to find values for the 0, so that, 

U =Si(0) ( 4 . 3 ) 

For this, the functions d/ are linearly approximated using the Jacobian matrix. The 

Jacobian matrix J is a function of the q values and is defined by 

Sx 

The basic equation for forward dynamic that describe the velocities of the end effector 

can be written as follows (using dot notation for first derivatives) 

X=J(q)q (4.5) 

The Jacobian leads to a method for solving equation (5.1) , suppose the current values for 

the q, s and t. From these, the Jacobian J=J(q) is computed. 

Then the update valve Aq for the purpose of incrementing the joint variable q by Aq, 

q=q+Aq (4.6) 

The change in end effector position caused by this change in joint angles can be 
estimated as, 

Ax « JAq (4.7) 

4.2 Inverse kinematics algorithm 

Selected method of the inverse kinematic calculation is shown in the figure 5.2. The 

solution is the combination of the Newton -Raphson base Jacobian transformation 
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method and the Taylor expression. The Taylor expression is used to calculate the inverse 

kinematic near the singularity region. Used method is explained as follows. 

4.2.1 Computed inverse kinematic model by using Newton-Raphson 

technique 

Let mj=0, it is based to solve the inverse kinematic by using the Newton -Raphson 

techniques. [30] 

°Tn(qV = °Tn(q + Sq) « °Tn(q)dT(8q) = T obj (4.8) 

Where, T obj is the end-effector transformation matrix which is selected by user in his 

trajectory Cartesian point. 

Then we can write the eqn 5.9 as follows and the ST(dq) assumes the form o f / and A 

ST(dq) = fT^q))-1^ = I + A (4.9) 

Where the / is the identity matrix & A can assume as follows. [7] 

• 0 - A Sy dx 

Sz 0 -Sx dy 
— Sy 0 dz 

• 0 0 0 (K 

From the eqn 4. 10 we can write the end-effector differential motion as follows, 

n8x= [dx dy d z 8X 8y 8Z ]T (4.11) 

Then jointing variable 5q can be found as follows 

"5x~ nJ(q)5q (4.12) 

If 8q is "small enough" the interaction stops; otherwise above procedure is repeated with 

new estimate value, 
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Ri+i =9t + S q (4.13) 
The numerical procedure finds only one solution, i.e., the one to which the iteration 

converges. 

4.2.2 Computed inverse kinematic model by using Taylor series 

If mj - 1, it is based on the following Taylor series and it can be written as follows. 

3Tn(q*) = °T n(q + 5q) « °Tn(q) d°Tn 
' dqi 

Sqi 

The partial derivatives of can be calculated as follows, aqi ' 
d°Tn 

T = °Tl-iQl
i-'Tn 

where the Q, is 

0 - 1 0 On 
1 0 0 0 
0 0 0 0 
0 0 0 oJ 

Qi 

dqi 

for arevolutejoint 

(4.13) 

(4.14) 

Qr 

0 0 0 0 
0 0 0 0 
0 0 0 1 
0 0 0 0J 

for a prismatic joint 

Given the desired position represented by the homogeneous transform T o b j , this function 

returns the column vector of joint variables that is corresponding to this position [23]. On 

return, the value converge is true if the Procedure has converge to values that give the 

correct position or else it is false. 
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4.3 Calculate the singularities and test the convergence 

The NEWMAT 11 Mathematic library in C++ is used to calculate the inverse kinematic 

convergence in simulator and the NEWMAT 11 is commonly used for Object oriented 

programming in C++ [23]. In this case, it is used to check the convergence of Newton-

Raphson base Jacobian inverse calculation if it fails then the end-effector trajectory point 

in the desired manipulator may be in the singularities region or out of the working space. 

Then the inverse kinematics solves on the Taylor expansion and check the convergence. 

If it is convergence then it is in the singularity region or else then the selected trajectory 

point is out of boundary in working space [13]. It may be difficult to completely 

eliminate the possibility of unreachable positions and still get the desired motion. Second, 

if target positions are barely reachable and can be reached only with full extension of the 

links, then the situation is very similar to having unreachable targets. Unfortunately, the 

situation of target positions in unreachable positions is difficult to handle robustly. Many 

methods, such as the pseudo inverse or Jacobian transpose methods, will oscillate badly 

in this situation; however, Taylor expansion methods can still perform well with 

unreachable target positions. But The Newton-Raphson base Jacobian is more accurate 

than the Taylor expansion. Therefore the priority of the inverse calculation has been 

given to the Newton- Raphson base solution. 

The convergence theory is the superior method to achieve correct value for the inverse 

kinematic solution. In order to perform the Taylor expansion and Newton-Raphson 

techniques of reverse kinematics, the real-time computation of any order derivatives of 

inverse kinematics of any serial manipulators can be used (n joints, rotary or prismatic) 

[30], Set of tests measured how well the different methods converged accurately to fixed 

target positions. 

For these tests, the target position is moved discontinuously and the joint angles are 

updated repeatedly until either the end effector reaches it position or fails to continue 
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moving towards the end effector. In the both cases, thousand time tests for the 

convergence are separately done to find whether the target positions are reachable or not. 
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Fig. 4.1- Manipulator moves in the Cartesian space. 
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Fig. 4.2.The flow chart of Inverse Kinematic calculation 
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